The 4-index energy-momentum tensors for the gravitation and the matter are analized on the basis of new equations for gravitational field with the Riemann tensor. Some consequences of new energy of vacuum deformations are discussed.
Introduction
In the Einstein formulation of the theory of gravitation exist some incompleteness. In the presence of gravitational field on any point of space-time we may chose coordinate systems with flat Minkowsky metric tensor and with vanishing Cristoffel symbols. Outside of the matter the Ricci tensor vanishes in the presence of gravitational field. So, the true and covariant characteristics of the gravitational field is the Riemann curvature tensor only. But this tensor not used in equations of motion and in field equations. This fact leads to the problems with the energy-momentum of gravitational field because of the energy-momentum must be constructed from covariant characteristics of the field which vanish only if vanish the field.
In the previous paper [1] we formulated new generalized version of the Einstein equations with full Riemann curvature tensor. We showed that the correct energy-momentum tensors for the gravitation and the matter can be constructed and that they must be 4-index tensors.
In the present paper we shall consider the structure of this equations and properties of 4-index energymomentum tensors. We also discuss the comparisons with the pseudotensor and the Hamiltonian approaches to this problems.
Four-index equations for the gravitation
We started from the standard Einstein-Gilbert action for the gravitational field with a metrics g il and a matter Lagrangian L :
where κ = 8πk/c 4 . The variation of the gravitational part we represented as:
The variations of the Riemann tensor R iklm are equal to:
Then we obtain:
where:
So, the result of the variational procedure is:
where 4-index energy-momentum tensor of the matter we defined as (n = 4):
Then field equations are:
In general case the expression in parenthesis is not equal to zero and it is equal to some 4-index tensor V iklm with property:
Taking into account this additional term we obtained new equations for the gravitational field:
where the full energy-momentum tensor of matter contained new additional term which vanish in 2-index case:
The tensor G iklm is the energy-momentum tensor of the gravitational field and in next section we shall show that the full energy of the system is conservative.
The tensors G iklm and T iklm have symmetry properties of the Riemann tensor and therefore we have 20 equations. The tensor G iklm is a function of the metric tensor g ik which has 6 independent components. The tensor T (m) iklm combined from the ordinary energy-momentum tensor of the matter T ik and it has 4 independent functions (an energy density ǫ and 3 components of a velocity). This 10 functions are obeying to 10 Einstein equations which are 2-index form of our new equations. New term V iklm has 10 independent components. So, we have 20 equations for 20 independent functions. If we take solutions of the Einstein equations for metrics and T ik , then we have additional 10 equations for 10 components of V iklm . This means that solutions of the Einstein equations exactly define all components of V iklm and in the paper we can find V iklm for some standard metrics. But if we have some model of the vacuum and we calculate V iklm by the help of such model, then we have 10 equations for 10 unknown components of metrics g ik and T ik .
Energy-momentum tensors for the gravitation and the matter
The Riemann tensor can be represented as (n = 4):
where C iklm is the Weyl tensor with zero 2-index reduction g il C iklm = 0. In the vacuum T ik = T = 0, R il = R = 0 and as result:
Therefore, the equations for gravitational field in vacuum are:
We see that new tensor V iklm plays the role of the source for space-time curvature C iklm . If the curvature C iklm induced by the source with ordinary energy-momentum tensor T ik at some compact region, then we can conclude that outside of this region this source deformed the structure of the vacuum and V iklm can be considered as energy-momentum of such deformations. We call this term as the energy-momentum tensor of vacuum deformations or energy of vacuum deformations. Moreover, we can conclude, that 2-index energy-momentum tensor of matter T ik not represent a full energy-momentum of the matter because of the existence the (invisible) vacuum energy-momentum V iklm which induced by the (visible) T ik .
The covariant derivatives of new 4-index energy-momentum tensors are:
Taking into account the equations R ;j = −κT ;j = 0:
we find the conditions for the vacuum energy:
We see, that the energy-momentum of the system of matter and gravitation is conservative only if we taking into account the existence of the vacuum energy V iklm and its connection with pure 4-index part of the energy of gravitational field C iklm /κ.
Integral energy-momentum tensors we can define as:
At hypersurface x 0 = const :
A vector of energy-momentum for the matter and the gravitation can be obtained as:
and
These energy-momentum vectors exist only in a region with T k0 = 0 and they vanish in the vacuum.
In the vacuum we have 3-index integral energy-momentum tensors:
